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SEPARATION SCIENCE AND TECHNOLOGY, 1 5 ( 3 ) ,  pp. 533-556, 1980 

APPLICATION OF DISPLACEMENT CHROMATOGRAPHY TO ISOTOPE SEPARATION 

R. Jacques 
Commissariat a 1'Energie Atomique 
Centre d'Etudes Nucleaires de Saclay 

91190 Gif-sur-Yvette, France 

ABSTRACT 

It is shown that a chromatographic column, operating 
according to the band-displacement principle, with internal 
reflux at each end, may be compared to a countercurrent separation 
column. Simple formulas relate the three parameters which determine 
the separative performances of the column to the physicochemical 
characteristics of the process. The parameters are the separation 
coefficient, the height equivalent to a theoretical plate (HETP), 
and the theoretical flow. The determination of the HETP can be 
accomplished by either the method of frontal analysis or the 
method of isotope remixing, by comparing the evolution of the 
isotope concentration predicted by an appropriate mathematical 
model and that observed experimentally. The first method concerns 
a semi-infinite band, limited by a front situated either at the 
leading or trailing edge of the band and the enrichment directed 
toward either the solid or liquid phase. Therefore, there are 
four possible cases. In the second method, the isotope concentration 
at the top of the column is changed suddenly and the response 
at the exit-end is observed. For each above-mentioned case, the 
theoretical formulation of the model, the necessary calculations 
in a form suitable for solution with a desk computer, the operating 
mode for treating the experimental results, and some examples are 
presented. 

INTRODUCTION 

Several authors have studied the theoretical and experimental 
aspects of isotope separation by chromatography. In particular 
Shimokawa (1) has shown that the concepts of cascade theory may be 
applied to this method of separation. He has also given a 
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534 JACQUES 

mathematical solution of the system of equations which gives the 

isotope evolution of the column in a frontal process (direct or 

reverse). Other authors ( 2 , 3 )  have numerically solved the same 

problem with a step-by-step simulation of the process. This paper 

presents a practical but sufficiently accurate analytical 

formulation which yields the successive profiles of the 

concentration in a frontal process. This formulation is well 

adapted to the evaluation of the HETP, and thus to the performance 

of a chromatographic column utilized in isotope separation. For the 

case where a frontal process is not realizable, an alternative 

method, the isotope remixing experiment, can give the same 

information. 

Outline of the Process 

Isotope separation in a chromatographic column is based on 

the following assumptions: (1) a flowing liquid phase in contact 

with a stationary solid phase (resin); (2) the two phases contain 

the element to be separated at chemical equilibrium and constant 

concentration. This equilibrium is achieved within a band; (3) 
each end of the band is refluxed, such that the element transfers 

from one phase to another. This is shown in Fig. 1. 

Determination of the Displacement Velocity of the Band 

Given the following parameters: 

0 - holdup of the element in solution (moles/cm of column), 

h - holdup of the element in resin (moleslcm of column), 

L - flow of the element in solution (moles/sec). 
the displacement velocity can b e  obtained from a material balance 

at each end of the band: 

L dt = (h + O)dz. 
Thus : 

V is proportional to the real displacement velocity of the liquid 
v = L / o ,  according to the relation 

vv v =  - 
l + V  
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DISPLACEMENT CHROMATOGRAPHY 535 

d2 

d i  

Direction of the 
transport and of 
the displacement 
velocity V 

FIGURE 1. Schematic diagram showing t h e  band-displacement 
p r i n c i p l e .  

where 
0 v = -  
h '  

For physicochemical reasons ,  occas iona l ly  it i s  not  poss ib l e  t o  

achieve  e i t h e r  or both r e f l u x e s  wi th in  t h e  column i t s e l f .  For 
t hese  systems chemical change and t r a n s f e r  of t h e  element t o  be 

separa ted  can be accomplished i n  appropr i a t e  systems e x t e r i o r  t o  

t h e  column. It can be shown t h a t t h e e q u i v a l e n c e  wi th  a counter- 

c u r r e n t  s epa ra t ion  cascade and t h e  corresponding system of equat ions  

der ived  below remain v a l i d .  

THEORY OF ISOTOPE SEPARATION 

We assume t h a t  t he  t r a n s f e r  of each i so tope  from one phase t o  

t h e  o ther  i s  p ropor t iona l  t o  t h e  dev ia t ion  from i so tope  equ i l ib r ium 

wi th  a cons tan t  K (moles/cm-sec) c h a r a c t e r i z i n g  t h e  i n t e n s i t y  

of t h e  t r a n s f e r .  Following t h e  hypothes is  of chemical equi l ibr ium,  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
5
8
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



536 JACQUES 

t h e  q u a n t i t y  of  i s o t o p e  p a s s i n g  from one phase t o  t h e  o t h e r  c a n c e l s .  

We a l s o  i n c l u d e  i s o t o p e  exchange i n  t h e  d e r i v a t i o n .  The ba lance  

e q u a t i o n s  are 

where x and y are t h e  i s o t o p i c  c o n c e n t r a t i o n s  i n  t h e  r e s i n  and 

s o l u t i o n ,  r e s p e c t i v e l y ,  and x* and y* are t h e  cor responding  e q u i l i b r i u m  

c o n c e n t r a t i o n s .  The s e p a r a t i o n  c o e f f i c i e n t ,  E, i s  d e f i n e d  as 

I n  t h e  f o l l o w i n g  we assume t h a t  t h e  s e p a r a t i o n  c o e f f i c i e n t  2~ 

i s  v e r y  small and consequent ly  n e g l e c t  terms of  o r d e r  E . 
Equat ion (3 )  may t h e n  be  w r i t t e n :  

2 

x* = y [ 1  - 2 ~ ( 1  - y ) ]  o r  y* = x [ l  + 2 ~ ( 1  - x ) ] .  ( 4 )  

We t ransform E q .  ( 2 )  u s i n g  mobile  axes bound t o  t h e  band and moving 

a t  v e l o c i t y  V.  

from t h e  v a r i a b l e s  t , z  t o  t h e  v a r i a b l e s  t and Z = z - V t .  Replac ing  

( a / a t )  by ( a / a t  - V / a z ) ,  and ( a / a z >  by ( a / a Z ) ,  one can  d e r i v e  t h e  

equat ion  

The cor responding  c o o r d i n a t e  t r a n s f o r m a t i o n  goes 

ax ax 
a t  az 0 + ( L  - VO) 2 = - h - + Vh - = K(x - x*) .  (5) 

For t h e s e  mobile  a x e s  we i n t r o d u c e  t h e  f o l l o w i n g  t r a n s p o r t  

parameters  : 

T o t a l  t r a n s p o r t :  8 = L - V ( 0  + h)  , (6)  

I s o t o p e  t r a n s p o r t :  I = (L - V0)y - Vhx, and (7 )  

N e t  t r a n s p o r t :  I - 0y = Vh(y - x )  . (8) 
The d i f f e r e n c e  (y - x) c a n  be  e l i m i n a t e d  w i t h  t h e  a i d  of Eqs. 

( 4 )  and (5)  t o  o b t a i n  t h e  unique  e q u a t i o n  

y - x = (y - x*) + (x* - x) 
( 9 )  - - 2EY(l - y >  - + [Q a + (L  - VO)-Iy. a 

a t  az 
Consequent ly ,  s i n c e  t h e  ascending  and descending  f lows  are e q u a l ,  we 

can write 

The q u a n t i t y  (OIL) i s  g e n e r a l l y  of t h e  o r d e r  of ~ ( 4 ) .  

L - VO = Vh = R, (10) 
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DISPLACEMENT CHROMATOGRAPHY 537 

S i m i l a r l y ,  one may n e g l e c t  t h e  ( a / a t )  term i n  Eq. ( 9 ) ,  which i s  of 

t h e  o r d e r  c2, and u t i l i z i n g  Eqs. (8) and (lo), o b t a i n  

I - By = R[2€Y(l - Y) - + % I .  

Here w e  r e c o g n i z e  t h e  normal form o f  t h e  cascade  e q u a t i o n  

(11) a N  

where R i s  t h e  t h e o r e t i c a l  f l o w  and N i s  t h e  mean c o n c e n t r a t i o n .  

W e  may d e f i n e  t h e  h e i g h t  e q u i v a l e n t  t o  a t h e o r e t i c a l  s t a g e  o r  

p l a t e  (HETP) as: 

I - @N = R [ 2 & N ( 1  - N) - H z), 

H = R  K' (12) 
The mean c o n c e n t r a t i o n  i s  g i v e n  by - 

N =  OY + hx = (1 - u)y + px, 
0-1 h 

where 

1 R e s  i n  ho l d u  - - =  h 
= O+h - 1 + v T o t a l  holdu; 

which c a n  be  o b t a i n e d  from t h e  b a l a n c e  e q u a t i o n ,  which, by Eq. (5) i s  

a N  a 1  n - + - =  0,  
a t  az 

and Q = O +  h i s  t h e  t o t a l  holdup p e r  u n i t  l e n g t h  of column. 

t h e  mean c o n c e n t r a t i o n ,  w e  can  c a l c u l a t e  t h e  c o n c e n t r a t i o n s  x and y 

o f  each phase.  From Eq. (9), t h e  d i f f e r e n c e  i n  c o n c e n t r a t i o n  t o  

o r d e r  E i s  

Knowing 

(15) 
a N  - H - y - x = 2€N(1 - N) az  ' 

t h i s  e q u a t i o n  w i l l  b e  a p p l i e d  i n  the n e x t  s e c t i o n .  

One can  i n t r o d u c e  a d i f f u s i o n a l  e f f e c t  such  that  t h e  f i r s t  

t e r m  of Eq. ( 2 )  becomes 

a t  
With t h e  assumptions w e  have made p r e v i o u s l y ,  i t  c a n  b e  shown t h a t  

t h e  d i f f u s i o n a l  term g i v e s  t h e  a d d i t i o n a l  term (-G), and i n  t h e  

HETP a n  a d d i t i o n a l  t e r m  H 

H = - + $ . The d i f f u s i o n a l  e f f e c t  is  t h u s  analogous t o  

a x i a l  mixing i n  c o u n t e r c u r r e n t  s e p a r a t i o n  columns. 

a 
= t ,  such  t h a t  t h e  t o t a l  HETP becomes d i f f  R 

K 
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FRONTAL ANALYSIS 

JACQUES 

D e f i n i t i o n  

The band h a s  o n l y  one r e f l u x ,  e i t h e r  behind t h e  band ( i n v e r s e  

f r o n t a l  a n a l y s i s  o r  IFA) o r  i n  f r o n t  of t h e  band ( d i r e c t  f r o n t a l  

a n a l y s i s  o r  DFA). Furthermore,  t h e  s e p a r a t i o n  c o e f f i c i e n t  E, 

d e f i n e d  by Eq.  (3 ) ,  may be  e i t h e r  p o s i t i v e  o r  n e g a t i v e .  Thus w e  

have f o u r  c a s e s  t o  c o n s i d e r ,  a s  r e p r e s e n t e d  i n  F ig .  2.  

Initial state t-0 

Type 1 : IFA E>O 

Type2 : DFA E > O  

Type3 : IFA E C O  

Type4 : DFA E<O 

t >O front : z=Vt 

- Course of the band 

4- 

FIGURE 2 .  Schematic r e p r e s e n t a t i o n  showing t h e  e v o l u t i o n  of 
c o n c e n t r a t i o n  p r o f i l e s  i n  t h e  d i f f e r e n t  modes. 
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DISPLACEMENT CHROMATOGRAPHY 5 39 

Analys is  

I n  t h e  IFA c a s e ,  t h e  column i s  i n i t i a l l y  f i l l e d  w i t h  t h e  

element t o  be s e p a r a t e d ,  u s u a l l y  a t  n a t u r a l  a s s a y .  The rear 

of t h e  band r u n s  through t h e  column and w e  observe  t h e  i s o t o p e  

c o n c e n t r a t i o n  a t  t h e  bottom from t h e  i n i t i a l  t i m e  t = 0 t o  t h e  

e x i t  of t h e  f r o n t .  I n  t h e  DFA, t h e  column i s  i n i t i a l l y  empty 

and t h e  s o l u t i o n  is  in t roduced  a t  t h e  top .  The c o n c e n t r a t i o n  is  

observed a t  t h e  bottom of t h e  column u n t i l  t h e  band f r o n t  a r r i v e s .  

I f  t h e  s e p a r a t i o n  c o e f f i c i e n t  h a s  been p r e v i o u s l y  measured a t  

i s o t o p i c  e q u i l i b r i u m ,  as w e l l  as t h e  holdups 0 and h ,  f r o n t a l  a n a l y s i s  

p e r m i t s  t h e  e v a l u a t i o n  of t h e  HETP. T h i s  may be accomplished by 

comparing t h e  e v o l u t i o n  of t h e  i s o t o p i c  c o n c e n t r a t i o n  observed a t  

t h e  column e x i t  and t h a t  which can be c a l c u l a t e d  from t h e  

fo l lowing  mathematical  model. 

Mathematical  Model 

According t o  Eqs. (11) and (14)  w i t h  t o t a l  r e f l u x  and 

0 = 0 ,  t h e  e v o l u t i o n  of t h e  mean c o n c e n t r a t i o n  N ,  assumed t o  b e  

much less than  u n i t y ,  w i l l  be  g iven  by 

a a N  
R a t  az az - _  ‘ aN + - ( Z E N  - H -) = 0 .  

I n t r o d u c i n g  t h e  d imens ionless  v a r i a b l e s  
z 2 - V t  
H H 5 = 2E- = 2 E  ~ , 

t h i s  e q u a t i o n  becomes 

The boundary c o n d i t i o n .  i s  N = N a t  T = 0,  where NF i s  t y p i c a l l y  F 
t h e  n a t u r a l  a s s a y .  The problem i s  l i n e a r  w i t h  r e s p e c t  t o  t h e  

c o n c e n t r a t i o n s ,  and we  can  assume NF = 1. A t  t h e  two ends of 

band, 5 = 0 and 5 = El ,  and thi?s  I = 0 ;  t h e r e  i s  no i s o t o p e  

t r a n s p o r t .  According t o  Eq. ( l l ) ,  t h i s  c o n d i t i o n  r e s u l t s  i n  

t h e  
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540 JACQUES 

The s o l u t i o n  of t h e  problem may b e  achieved  w i t h  t h e  a i d  of t h e  

Laplace t ransform ( v a r i a b l e  s) ; t h e  r e s u l t  is 

( l / r 2 )  er1‘(er2‘l - 1) - ( l / r l )  er25(er151-- 1) 
N - I = -  

r1S1 - .r2S1) 
, 

s ( e  

w i t h  t h e  c h a r a c t e r i s t i c  r o o t s  

r = L + ( - + s )  1 1 / 2  . 
i 2 -  4 

The Laplace  i n v e r s i o n  may be accomplished under  t h e  fo l lowing  

two assumptions.  F i r s t ,  i f  t h e  band i s  cons idered  as s e m i - i n f i n i t e ,  

t h a t  i s ,  5, + m ,  then  E q .  (20)  t a k e s  t h e  s i m p l e r  forms, f o r  Types 1 

and 4 ( s e e  F i g .  2) , 

er2c N - l =  - -  
r s  ’ 1 

and, f o r  Types 2 and 3, 

e r l  5 
N - 1 = - -  

r2S 

Secondly, i f  t h e  o b s e r v a t i o n  t i m e  i s  small, such t h a t  T << 1 / 4  ( i n  

a p p l i c a t i o n  T i s  of  t h e  o r d e r  of 1 0  ),  we can r e p l a c e  ( s  + 1 / 4 )  

by ( s ) l / ’  and o b t a i n  (5)  

-4 1 / 2  

where 
Y =  -LL 

2 ( T p 2 ’  

and 
-x2 

e r f c  Y = 1 - 271-l’~ e dx. 
0 

For Types 1 and 4 we  t a k e  t h e  p o s i t i v e  r o o t  and 5 i s  PO i t i v e  

f o r  Types 2 and 3 w e  t a k e  t h e  n e g a t i v e  r o o t  and 5 i s  n e g a t i v e .  

The i s o t o p i c  c o n c e n t r a t i o n  of t h e  s o l u t i o n ,  which i s  t h e  o n l y  

observable ,  may be o b t a i n e d  from E q s .  ( 1 3 ) ,  ( 1 5 ) ,  ( 1 7 ) ,  and ( 2 1 ) ,  

y i e l d i n g  
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DISPLACEMENT CHROMATOGRAPHY 54 1 

a a 
a5 y = (1 + 2Ell - p€I =)N = [1 -I- 2Ev( l  - -)IN 

= N + 2Eu(1 - e'I2 e r f c  Y). (22) 

We have v e r i f i e d  t h a t  t h i s  formula g i v e s  p r a c t i c a l l y  t h e  same 

r e s u l t s  as  t h e  s tep-by-step s i m u l a t i o n  method ( 2 , 3 ) .  

Comparison w i t h  Observa t ion  

Observa t ions  g i v e  t h e  i s o t o p i c  c o n c e n t r a t i o n  y o f  t h e  s o l u t i o n  

a t  t h e  column e x i t  as a f u n c t i o n  o f  t i m e .  I n  p o i n t  of  f a c t ,  one 

c o l l e c t s  volumes of  s o l u t i o n 6 h  d i s c o n t i n u o u s l y  ( i n  i s o p l a n e s )  

d u r i n g  t h e  i n t e r v a l s  6 t ,  which cor responds  t o  a band-length 

8 0  = V 6 t  = 6h/C,where C i s  t h e  c r o s s - s e c t i o n  of t h e  column; one 

measures t h e  mean c o n c e n t r a t i o n  i n  t h a t  l e n g t h .  

From the p r e c e d i n g  formalism,  t h e  measured c o n c e n t r a t i o n  

depends on s i x  v a r i a b l e s :  z ,  t ,  E,  p,V, and H .  But ,  b o t h  

t h e o r e t i c a l l y  and e x p e r i m e n t a l l y ,  t i s  r e l a t e d  t o  V and r9 th rough 

t h e  r e l a t i o n  V t  = 0 .  S i n c e  E and 1-1 may be measured independent ly ,  

y i s  t h u s  a f u n c t i o n  o f  f i v e  v a r i a b l e s ,  t h r e e  o f  which (E, 1-1, (9 = Vt) 
are known and t h e  remain ing  two (H,  z )  are parameters  t o  b e  e v a l u a t e d .  

The e v a l u a t i o n  can be done by choos ing  two c o n d i t i o n s  on t h e 5  

t h e o r e t i c a l  c u r v e ,  t h u s  p e r m i t t i n g  i t s  n o r m a l i z a t i o n  t o  a n  e x p e r i -  

menta l  one.  One of t h e  c o n d i t i o n s  i s  t h e  c o n c e n t r a t i o n  a t  

t h e  head of  t h e  band and t h e  o t h e r  i s  a g e n e r a l  b e a r i n g  on t h e  

s u r f a c e  o f  t h e  i s o p l a n e .  

D i f f e r e n c e s  Between T h e o r e t i c a l  and Experimental  Condi t ions  

Each i s o p l a n e  i n c l u d e s  a level  cor responding  t o  t h e  end of t h e  

breakthrough c u r v e  i n  t h e  case of  DFA, and t o  t h e  beginning  of  t h i s  

c u r v e  i n  t h e  case o f  IFA. The t h e o r e t i c a l  v a l u e s  o f  r h i s  

l e v e l  o b t a i n e d  from E q s .  (21) and (22) f o r  DFA w i t h  t = m and for 

IFA w i t h  t = 0 are Nm 

y, 
from t h e  e x p e r i m e n t a l  ones ,  t h e  d i f f e r e n c e  b e i n g  of o r d e r  of E .  

The d i f f e r e n c e  s t e m s  from t h e  f a c t  t h a t  t h e  column h a s  a f i n i t e  

= 1 f o r  t h e  mean c o n c e n t r a t i o n  and 

= 1 + 2 ~ p  f o r  t h e  s o l u t i o n .  These v a l u e s  are  somewhat d i f f e r e n t  
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l e n g t h  and t h e  formulas  we have e s t a b l i s h e d  are  v a l i d  f o r  a s e m i -  

i n f i n i t e  band. 

The a b s c i s s a  z of  t h e  sampling p o i n t  could  be  c o n s i d e r e d  

as g iven  by t h e  column h e i g h t .  However, t h i s  i s  n o t  n e c e s s a r i l y  

t h e  same a s  t h e  i n i t i a l  l e n g t h  of t h e  band i n  IFA o r  t h e  f i n a l  

l e n g t h  i n  DFA s i n c e  i s o t o p i c  and chemical  e q u i l i b r i u m  a t  t i m e  

z e r o  and a t  t h e  e n t r a n c e  of t h e  column are  o n l y  approximate ly  

r e a l i z e d .  N e v e r t h e l e s s ,  the e r r o r  r e s u l t i n g  f r o m  the d i f f e r e n c e s  

between t h e  t h e o r e t i c a l  and e x p e r i m e n t a l  c o n d i t i o n s  w i l l  n o t  a f f e c t  

t h e  e v a l u a t i o n  of  t h e  parameter  H ,  s i n c e ,  as w e  s h a l l  see, i t  i s  

r e l a t i v e l y  independent  of t h e  column h e i g h t  and depends on t h e  

shape of  t h e  c u r v e  i n  t h e  zone of v a r i a b l e  c o n c e n t r a t i o n .  

The head o f  t h e  band i s  t h e  most e n r i c h e d  ( i n  Types 2 and 

3) o r  t h e  most d e p l e t e d  ( i n  Types 1 and 4 )  r e g i o n .  I t s  v a l u e  

is g iven  by E q s .  (21) and (22) w i t h  5 = 0,  
1/2 

tto = yo = zeT1J4 e r f c ( +  2 1 - 1 9  (25) 

where T1 i s  t h e  reduced t i m e  of  a r r iva l  a t  t h e  sampling p o i n t .  

I f  t h i s  t i m e  i s  s m a l l ,  a s  noted  p r e v i o u s l y ,  we can  use  t h e  

approximation 

(TI) 

w i t h  t h e  a p p r o p r i a t e  s i g n  (minus f o r  Types 1 and 4 and p l u s  f o r  

Types 2 and 3 ) .  

From t h e  i s o t o p e  b a l a n c e  r e l a t i o n s  w e  o b t a i n  t h e  g e n e r a l  

c o n d i t i o n s  r e l a t i v e  t o  t h e  s u r f a c e  o f  t h e  i s o p l a n e .  T h i s  e n a b l e s  

u s  t o  d e f i n e  and c a l c u l a t e  a c h a r a c t e r i s t i c  v a l u e  AT of  t h e  reduced 

t i m e .  Comparing t h i s  v a l u e  w i t h  t h e  cor responding  A0 o b t a i n e d  from 

t h e  exper imenta l  c u r v e ,  w e  c a n  deduce t h e  HETP by t h e  r e l a t i o n  

which r e s u l t s  from E q .  (18 ) ,  

The b a l a n c e  e q u a t i o n s  are  o b t a i n e d  by n o t i n g  t h a t  t h e  amount of 

i s o t o p e  t o  b e  s e p a r a t e d  e n t e r i n g  t h e  column minus t h a t  which i s  
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l e a v i n g  i s  equal  t o  t h e  q u a n t i t y  accumulated i n  t h e  column ( t h a t  

i s ,  t h e  f i n a l  minus t h e  i n i t i a l ) .  

cases independent ly .  

W e  s h a l l  t rea t  t h e  DFA and IFA 

t 

0 

DFA Case 

Amount e n t e r i n g :  I Ly, d t ,  

Amount l e a v i n g :  I' Ly d t ,  

I n i t i a l  amount : 0 

F i n a l  amount: Rdz. 
0 

Thus 

S ince  Rzl = L t  from t h e  t o t a l  material ba lance ,  1 
t 

L(y, - y ) d t  = f2z1 - LtlY, = L t l ( l  - ym).  

With t h e  reduced v a r i a b l e  T p r o p o r t i o n a l  t o  t ,  t h i s  r e l a t i o n  

becomes 

The f i r s t  term r e p r e s e n t s  t h e  s u r f a c e  covered by t h e  t h e o r e t i c a l  

i s o p l a n e  (F ig .  3 )  between i t s  l i m i t i n g  v a l u e s  ym and y , whi le  

r e p r e s e n t s  t h e  mean v a l u e  of T .  

IFA Case 

Amount e n t e r i n g :  0 

Amount l e a v i n g :  1'1 Lydt 
0 

I n i t i a l  amount: Qdz 
0 

F i n a l  amount: 0 
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544 JACQUES 

FIGURE 3. Shape of a n  i s o p l a n e  f o r  DFA (E < 0 ) .  

The t o t a l  material  b a l a n c e ,  which is t h e  same as f o r  DFA, y i e l d s  

That is, t h e  p o i n t  of n a t u r a l  c o n c e n t r a t i o n  y = 1, o r  t h e  n e u t r a l  

p o i n t  B ( F i g .  4 ) ,  b i s e c t s  t h e  curve  i n t o  two e q u a l  s u r f a c e s .  

Its a b s c i s s a  T h a s  a v a l u e  g iven  by t h e  e q u a t i o n  i 
Y(T) - 1 = 0 

where y ( ~ )  i s  g iven  by E q s .  (21) and ( 2 2 )  w i t h  

and T1 by E q s .  (25) o r  ( 2 6 ) .  I f  w e  add t o  each s i d e  of 
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YO 

FIGURE 4 .  Shape of  a n  i s o p l a n e  f o r  IFA (E > 0) .  

Eq. (29)  t h e  q u a n t i t y  (I  - ym)Tl, we o b t a i n  t h e  s u r f a c e  of t h e  

c u r v e  re la t ive  TO i t s  asymptote ,  t h a t  i s :  

which i s  analogous t o  Eq. (28) of DFA. 

A p p l i c a t i o n  

From t h e  c o n s i d e r a t i o n s  of t h e  preceding  s e c t i o n ,  w e  s h a l l  

de te rmine  the HETP. H may be  e v a l u a t e d  by E q .  ( 2 7 ) ,  

2 -- H = 4 E  P (A@/AT), 

where i s  t h e  mean v a l u e  of t h e  t h e o r e t i c a l  curve  (DFA o r  IFA). 

Thus, 
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546 JACQUES 

T, i s  t h e  t i m e  o f  a r r i v a l  o f  t h e  f r o n t  from E q s .  (25) o r  ( 2 6 ) ,  

and % i s  t h e  mean v a l u e  of 0 correspnnding  t o  t h e  t h e o r e t i c a l  

v a l u e  AT and g iven  by t h e  e x p e r i m e n t a l  curve ,  such  t h a t :  
I 

For IFA,  a v a r i a n t  i s  t o  t a k e  as  c h a r a c t e r i s t i c  va lue6  t h e  

d i s t a n c e s  between t h e  head o f  t h e  band and t h e  n e u t r a l  p o i n t  B ,  

whence, i n  terms of 

A T .  = T~ - T and AOi,  i 

I n  summary, t h e  d e t e r m i n a t i o n  o f  t h e  HETP r e q u i r e s  t h e  

c h o i c e  of a convenient  scale from t h e  t h e o r e t i c a l  curve ,  such  

t h a t  i ts  mean v a l u e ,  d e f i n e d  by Eq. ( 3 0 ) ,  c o i n c i d e s  w i t h  t h e  

exper imenta l  one. A d i f f i c u l t y  o f  t h e  method i s  t h a t  i t  i s  s e n s i t i v e  

t o  t h e  d e t e r m i n a t i o n  of  t h e  extreme c o n c e n t r a t i o n  y which i s  

somewhat i m p r e c i s e .  T h i s  d i f f i c u l t y  may be  overcome by a d j u s t i n g  

yo ,  such t h a t  t h e  f i n a l  v e r i f i c a t i o n  of the parameter  i d e n t i f i -  

c a t i o n  w i l l  be made by  comparing t h e  e x p e r i m e n t a l  and t h e o r e t i c a l  

c u r v e s ,  t h e  l a t t e r  be ing  c a l c u l a t e d  w i t h  E q s .  (21 )  and ( 2 2 ) .  

T h i s  can  be e a s i l y  done w i t h  a desk  c a l c u l a t o r .  

t h e  complementary e r r o r  f u n c t i o n  ( e r f c )  can be  e i t h e r  t a k e n  from 

a p p r o p r i a t e  t a b l e s  o r  c a l c u l a t e d  from t h e  e x p r e s s i o n  ( 6 ) :  

0 ’  

For t h a t  purpose 

e r f c ( y )  = 2/{1 + exp[15y/ (7  - l y l ) ] ) .  

To i l l u s t r a t e  t h e  method, w e  have  s i m u l a t e d  exper iments  

cor responding  t o  d i f f e r e n t  c a s e s  of f r o n t a l  a n a l y s i s  and have 

taken  t h e  a r b i t r a r y  v a l u e s  2 E  = 2 10  

a column l e n g t h  of 100 c m .  F i g u r e s  5-8 g i v e  c a l c u l a t e d  

i s o p l a n e s  a s  a f u n c t i o n  of  t h e  t h e o r e t i c a l  v a r i a b l e  T o r  t h e  

-3 , p = 0 . 9 ,  H = 1 cm, and 
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0,99 z .  

5 
100 

c 

FIGURE 5. Simulated experiment in inverse frontal analysis. 
Case 1 (see Table 1). 

Y 
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F I G U R E  6. Simulated experiment in direct frontal analysis. 
Case 2 (see Table 1). 
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FIGURE 7. Simulated experiment in inverse frontal analysis. 
Case 3 (see Table 1). 
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FIGURE 8. Simulated experiment in direct frontal analysis. 
Case 4 (see Table 1). 
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p r a c t i c a l  v a r i a b l e  @. 
u t i l i z e d  a r e  presented  i n  Table 1. Note t h a t  i n  an a c t u a l  

experiment, t h e  measured v a r i a b l e s  w i l l  be E, 1-1, and yo. 

The in te rmedia te  v a r i a b l e s  and t h e  equat ions  

ISOTOPE REMIXING 

To inc lude  i so tope  remixing, we assume t h a t  t h e  column i s  

i n i t i a l l y  f i l l e d  wi th  a s o l u t i o n  i n  chemical and i s o t o p i c  

equi l ibr ium w i t h  t h e  r e s i n .  The i so tope  concent ra t ion  is  suddenly 

changed a t  t h e  top of t h e  column and i t s  evolu t ion  a t  t h e  bottom 

i s  observed (Fig.  9 ) .  I t  i s  presumed t h a t  t h i s  change is  i n  the  

form of a s t e p ,  whose amplitude i s  la rge ,  so t h a t  s epa ra t ion  e f f e c t s  

( terms of order  of E) may be neglec ted .  Thus we speak of t h e  

remixing re thod .  The equi l ibr ium r e l a t i o n  i s  x - y = 0 ,  and t h e  

system of equat ions  which g i v e s  t h e  evo lu t ion  of concent ra t ion  i n  both 

phases i s ,  wi th  t h e  same n o t a t i o n s  a s  used previous ly  ( 2 ) ,  

with  

t >  

t h e  boundary cond i t ions  t = 0 ,  x(z,O) 

0,  y ( 0 , t )  = yo. 

= y(z,O) = xo, and z = 0 ,  

The s o l u t i o n  may be obtained i n  t e r m s  of t h e  

dimensionless v a r i a b l e s  
Kz 5 s -  
L '  

Q = K t  
h '  
Y - xo 

y o  - xo 
yY=- 

where '4' i s  the  e f f i c i e n c y .  

Using the  Laplace transform w e  have 

S 

K z  
h v  The f a c t o r  e-'sS expresses  a de lay  Qo = V < =  - - i n  reduced t i m e  and 

t = Z I V  ( 3 4 )  

i n  r e a l  t ime. This  de lay  corresponds t o  t h e  t r a v e l  by t h e  
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Concentration step at 1-0 I 

sdutior 

F I G U R E  9. Schematic r e p r e s e n t a t i o n  of i s o t o p e  remixing .  

l i q u i d  from t h e  e n t r y  of t h e  column t o  t h e  sampling p o i n t  a t  t h e  

ex i t .  Thus w e  have 

y(e) = E(er)  u(er), 

where 8 

The i n v e r s i o n  of E g i v e s  

= 8 - e0 is t h e  de layed  t i m e  and U(er) i s  a s t e p  f u n c t i o n .  

e 
E = e-'{I+ j e+' (i)'j2 1 , [ 2 ( < e ' ) ~ / ~ 1 d e ' 1 ,  ( 3 5 )  

0 
1 where I (x) = T J ( i x )  i s  the f i r s t  o r d e r  Bessel f u n c t i o n  of 

imaginary argument. The parameter  E may be  c a l c u l a t e d  u s i n g  t h e  

expansion 

1 1 1  
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I f  5 is s u f f i c i e n t l y  l a r g e  ( > l o )  we  may u s e  t h e  approximat ion  

P r o p e r t i e s  of  'P and Determina t ion  of  t h e  Parameters  

I f  V i s  t h e  d isp lacement  v e l o c i t y  and 6 , t h e  number of  

t h e o r e t i c a l  s t a g e s ,  i s  (1 + V ) ,  t h e n ,  when 8 -+ 03, \Y -+ 1. That i s ,  

as  t + m ,  i s o t o p i c  e q u i l i b r i u m  is  approached,  y -+ yo. 

From t h e  mathematical  e x p r e s s i o n  f o r  o r  E ,  i t  can  b e  shown t h a t  

m m 

This  r e l a t i o n  e x p r e s s e s  t h e  i s o t o p e  b a l a n c e  between t h e  e n t r a n c e  

and t h e  e x i t  o f  t h e  column. P h y s i c a l l y ,  t h e  b a l a n c e  i s  

T T 
1 Lyo d t  - 
0 0 

Lydt = j z [ ( @  + h)yo  - hxo]dz.  

R e c a l l i n g  t h a t  f o r  s u f f i c i e n t l y  l a r g e  T ,  t h e  f i n a l  v a l u e s  of  

x and y are a t  e q u i l i b r i u m ,  whence 
T 

+ 1, L(y0 - y ) d t  = Loyo + h(Yo - x0)lz.  
0 

LYoto 

The f i r s t  t e r m  on each s i d e  i s  e l i m i n a t e d  through Eq. ( 3 4 )  and,  

i n t r o d u c i n g  t h e  e f f i c i e n c y  

hz 
L 

T 

It  (1 - Y)dt = - . 
0 

Using t h e  reduced v a r i a b l e s  d e f i n e d  by E q s .  (31) and ( 3 2 ) ,  

t h i s  cor responds  t o  Eq. ( 3 6 )  f o r  T -f m. The b a l a n c e  from t = 0 t o  

t = m g i v e s  

- 
The cor responding  mean v a l u e s d f e  and 8 a r e  8 = 5 and 

- 
Q = 5(1  + V ) .  

exper imenta l  c u r v e  as shown i n  F i g .  10. 

The mean t i m e  t can  be e a s i l y  determined from t h e  
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Y efficiency 

Q reduced 
0, =v3 r3=3 time 

FIGURE 10. E f f i c i ency  curve i n  an  i so tope  remixing experiment. 

- 
The s lope  W / a t  w i l l  be ca l cu la t ed  a t  t he  mean t i m e  t. For t = t ,  

o r  

- 2 c  I1 ( 2 5 ) .  - ay ay 
t ( x ) t = t  = -(--) - = Q'l + v ) e  ae e=e 

This  r e l a t i o n  enables  us t o  c a l c u l a t e  C i f  V i s  known, and thus  

t h e  HETP from t h e  s lope  of t h e  experimental  curve ,  ( a v / a t ) a t  

t = t .  Thus, t h e  experimental  and t h e o r e t i c a l  curves w i l l  have 

same mean va lue  t and same s lope  a t  t h a t  mean t i m e .  

- 

I f  c > l , w h i c h  i s  gene ra l ly  t h e  case ,  we can use  t h e  

approximation 
e 2 5  

5 
C - 0.38 1 1 2  

I p c )  = - ( 4.rr > 9  

whence 

t 39)  

From E q s .  (lo), (12),  and (31) we  can deduce t h e  number of  

t h e o r e t i c a l  p l a t e s  

H n = 5 = (1 + V > C .  

Figure  11 shows a t y p i c a l  comparison between experiment and theory  
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Y: Efficiency 

Experience --- 

- Theory 

JACQUES 

0 - t : time 

FIGURE 11. Comparison between experiment and theory  i n  an 
i so tope  remixing experiment. 

w i th  t h e  appropr i a t e  de te rmina t ion  of i and ( a y / a t )  taken a t  

t = t .  
- 

We observe a small  but sys temat ic  d i f f e r e n c e  between t h e  

t h e o r e t i c a l  and experimental  curves.  Th i s  d i f f e r e n c e  can be 

explained by t h e  presence of t w o  types  of r e s i n s ,  t h e  second of 

which i s  t h e  so-ca l led  micropores (7) .  There i s  only  a smal l  

amount of t h i s  second r e s i n  but t h e  k i n e t i c s  a r e  slower than t h a t  

f o r  t h e  f i r s t .  We have t r e a t e d  t h i s  mixed r e s i n  case  t h e o r e t i c a l l y  
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h 

H 

I 

K 

R 

L 

N 

‘i 

S 

t 

V 

V 

X 

Y 

Y 

z 

z 

by t h e  a d d i t i o n  o f  a p p r o p r i a t e  t e r m s .  However, i t  i s  n o t  

p r e s e n t e d  h e r e ,  b u t  w e  n o t e  t h a t  t h e  c a l c u l a t e d  r e s u l t s  are  i n  

e x c e l l e n t  agreement w i t h  o b s e r v a t i o n ,  t h u s  conf i rming  t h i s  assumption.  

NOMENCLATURE 

holdup i n  r e s i n  (moles/cm) 

h e i g h t  e q u i v a l e n t  t o  a 
t h e o r e t i c a l  plate-HETP (cm) 

i s o t o p e  t r a n s p o r t  (moles / sec> 

exchange t r a n s f e r  c o n s t a n t  
(moles/cm-sec) 

vh (mole/sec)  

f low rate (moles/sec)  

mean mole f r a c t i o n  i n  
r e s i n  and s o l u t i o n  

c h a r a c t e r i s t i c  r o o t s  i n  
Laplace  t r a n s f o r m  

Lap lace v a r i a b l e  

t i m e  ( s e c )  

L/O disp lacement  v e l o c i t y  
o f  l i q u i d  (cm/sec) 

L/(h -+ @), disp lacement  
v e l o c i t y  (cm/sec) 

i s o t o p i c  mole f r a c t i o n  
i n  r e s i n  

i s o t o p i c  mole f r a c t i o n  i n  
s o l u t i o n  

column h e i g h t  (cm) 

z - Vt (cm) 

s e p a r a t i o n  c o e f f i c i e n t  

K Z / L  

Kt /h  

holdup i n  s o l u t i o n  (moles/cm) 

volume of s o l u t i o n  (cm ) 

h/(O + h)  

O/ h 

3 

2€Z/H 

c r o s s - s e c t i o n  o f  t h e  
column (cm2) 

(2E)2 u V t / H  

t o t a l  t r a n s p o r t  (moles / sec)  

V t  (cm) 

(Y - XO>/(YO - xo> 

0 + h,  t o t a l  holdup p e r  
u n i t  l e n g t h  o f  column 
(moles/cm) 
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